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' Abstract 



BFYM on commutative and noncommutative M 4 is considered and a Seiberg- 
Witten gauge-equivalent transformation is constructed for these theories. Then we 
write the noncommutative action in terms of the ordinary fields and show that it is 
equivalent to the ordinary action up to higher dimensional gauge invariant terms. 
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It is by now clear that our naive picture on space-time, as space with commuting 
coordinates, has to be modified at the Planck scale. Indeed a unification between 
quantum mechanics and general relativity requires to go beyond this picture. 
Recently it has been found that noncommutative geometry Q arises naturally in 
string theory ||, ||]. In a certain limit, the low energy effective theories is intimately 
connected to gauge theories on noncommutative spaces. 

The action for gauge theories on noncommutative space is obtained from the ordinary 
( commutative ) Yang-Mills theories by replacing the usual product of the fields by 
the *-product |J. 

It has also been shown in §, that one can get ordinary or noncommutative Yang- 
Mills theory from the same two dimensional field theory just by using two different 
regularizations procedure. Indeed, Yang-Mills theory on noncommutative space re- 
sults from the use of a point splitting regularization whereas the ordinary one follows 
as a consequence of the use of Pauli-Villars regularization scheme. 
Consequently, they argued that there should exist a transformation from ordinary 
to noncommutative Yang-Mills which maps the noncommutative field A with gauge 
transformation A to the ordinary gauge field A with gauge transformation A. More 
details about this equivalence between the two descriptions can be found in || ( see 
also § -§ ). 

Perturbative aspects of noncommutative theories on noncommutative R d have been 
recently adressed in J?j-0. In particular, it has been found that noncommutativity 
leads to a strange mixing between IR and UV effects Q which has no analog in the 
usual quantum field theory. 

In g, we have introduced the U(l) BF-Yang Mills ( BFYM ) on noncommutative R 
and in this formulation the U(l) Yang-Mills theory on noncommutative R 4 is seen 
as a deformation of the pure BF theory. We recall that BFYM on commutative R 



has been introduced and studied extensively in [10]. 

We have also performed a one-loop calculation of the U(l) BFYM on noncommu- 
tative R 4 and concluded that it is asymtotically free and its UV-behaviour in the 
computation of the /3-function is like the usual SU(N) commutative BFYM and 
Yang-Mills theories. 

Here we will go a step further and study the equivalence between the noncommu- 
tative and commutative for BFYM. We consider first rank N noncommutative and 
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ordinary BFYM and construct the gauge-equivalent Seiberg-Witten transformation. 
This means that ordinary and noncommutative BFYM theories can be induced by 
the same field theory regularized in two different ways. 

In particular for rank 1, this mapping is more simple and for this case, we write the 
BFYM noncommutative Lagrangian in terms of the ordinary fields. 

Noncommutative M 4 is described by an algebra generated by the coordinates x l {% = 
1, • • • 4) obeying the commutation relations : 

x l * x j -x j *x l = i 9 lj (1) 

where 9 %3 = —9 Jl is a real and constant antisymmetric matrix. In the dual language, 
the algebra of functions on R 4 vanishing at infinity is equipped with a deformed 
multiplication known Moyal *-product, 

(f*g)(x) = e 5 /(x + 0# + C)lc=(=o (2) 

which is noncommutative, associative and obeys the Leibniz rule. It reduces for the 
first order in 9 to, 

(f*g)(x) = fg + \o^ d l fd J g + O{0 2 ) (3) 



We consider the BFYM on noncommutative R 4 introduced in |8[ by replacing the 
usual product of fields by the *-product, 

S = Jd 4 x Tr (l e W£.. * P kl + g 2 B tJ * (x). (4) 

where Fij = diAj — djAi + Ai * Aj — Aj * Ai is the field strength of the antihermitian 
gauge field Ai and Bij is an antisymmetric tensor. We take here the gauge fields Ai 
and Bij to be arbitrary rank N, so that all the fields and gauge parameters are N x N 
matrices and Tr is the ordinary trace of N x N matrices. 

This BFYM on noncommutative M 4 is invariant under the gauge transformation, 

S^Ai = di\ + A * Ai - Ai * A 
6- x Bij = B^ * A - A * B^ 

$~xFij = F ij *\-\*F ij (5) 
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Using the first order expansion in 9 of the Moyal *-product ( 3), the above formulas 
for noncommutative gauge field Ai and B^ read, 

S x Ai = d i \+[\,A i ] + ~ 9 kl {d k \d l A i }^O{0 2 ) 
S x 6ij = [B ij ,X]+ l -9 kl {B ij ,X} + 0{9 2 ) (6) 

where [ , ] and { , } are the usual commutator and anticommutator for noncommu- 
tative fields and gauge parameter A respectively. 
Similarly, the BFYM on commutative R 4 is, 

S = f d A x Tr (i /,%/•,; • g 2 B ij B i ^j (*). (7) 

Its infinitesimal gauge transformations for the different fields are of the form, 

5 x Ai = di\ + [X,Ai] 
8\Bij = [Bij,X] 

SxF i3 = [Fij,\] (8) 



Following Seiberg and Witten Q, we consider the BFYM and look for a gauge- 
equivalent mapping between the noncommutative fields Ai and B^ with gauge pa- 
rameter A and the ordinary fields Ai and Bij with gauge parameter A such that the 
following diagrams are commutative : 



SxAi «► $\Ai S^Bij * SxBij 




This means that the two following relations hold : 

Ai(A) + 8jAi{A) = MA + 5 X A) 
B^ + ^BijiB) = B^B + SxB) (9) 

By writing A = A + A' (A) + O (9 2 ) , A(A, A) = X + A' (A, A) + O (9 2 ) ,B = B + 
B'(B, A) + O (# 2 ) and expanding (9 ) to the first order in 9, we get for gauge field, 

A' i (A + SA)-A' i (A)-d i X'-[X',A i ]-[\A' i ] = - l - 9 kl {d k X,d l A l } + O (9 2 jl0) 
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and for antisymmetric field, 

B' l3 {B + 5 X B) - Bij(B) - [Bij, A'] - [B> 3 , A] = -- 9 kl {d k B i3 , d^} + O (# 2 )(.ll) 

By solving (10) and (11), the following solutions for the noncommutative gauge field 
A, gauge parameter A and antisymmetric field B are obtained : 

A t (A) = A l + A' i {A)=A i - % -e kl {A k ,d l A i + F li } + 0{e 2 ) 

A(A, A) = \ + \i{\,A) = \+ l -6 kl {d k \,A l } + 0(6 2 ) 
Bij(B, A) = B l3 + B' t3 (B,A) 

= B l3 + l -9 kl ( 2 {B ik , B 3l ) - {A k , DiBij + d^}) + O (6 2 ) . (12) 

where D x B i3 = diB i3 + [A u B i3 \. 

From the gauge field A\, the noncommutative field strength F i3 is given as : 

Fij = Fij + l -9 kl ( 2 {F lk , F 3 i} - {A k ,D t F l3 + d t F i3 }) + O (9 2 ) . (13) 

This means that knowing the commutative fields Ai , B^ and F^ with gauge parameter 
A, the noncommutative one are expressed by (12) and (13) up to first order in 9. 
Now it is easy to extract the differential equation for noncommutative fields A, B and 
F with gauge parameter A corresponding to two infinitesimally close values of the 
deformation parameter 9 and 9 + 89. 
They are given as follows : 

SAi = - % - 59 kl [ A k * (dtA t + F H ) + {diAi + F H ) * A k ) 
5\ = 1 59 kl (d k X *Ai + Ai* d k X) 

5B i3 = l - 59 kl [ 2B ik * Bji + 2B jt * B ik - A k * {DiB i3 + diB i3 ) 

-(D l B t3 +d l B lj )*A k ] 
5F l3 = % - 59 kl [ 2F ik * F 3l + 2F jt * F ik - A k * (D^ + 8^) 

-(DiF ij + diF ij )*A k ] (14) 

where DiB^ = d[B i3 - + Ai * B i3 - B i3 * A\. 

The above equations should in principle give the noncommutative fields and gauge 
parameter as powers series in 9. 

For rank 1, i.e. f7 (1), the Seiberg-Witten map (12) for different fields reduces to 
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A = A t --e kl A k (d l A l + F H )+0{6 2 ) 

a = \ + l -e kl d k \A l + o{e 2 ) 

Bn = B lj +i6 k \B lk B J i-A k d l B lj ) + O{0 2 ) 

Fij = F i ,+ie kl (F ik F, l -A k d l F lj ) + 0{e 2 ) (15) 

The noncommutative action S in terms of the fields A, B and F and the commutative 
one S in terms of the fields A, B and F for BFYM are related as : 



d 4 x { * e ijki BijFkl + g 2 B .. B ij _ 1 r jW Fkl B in B jm 



S = J d 4 x t(B, F) 

-s 

i 1 nnm Ajkl r> z? z? ^ zjnm Jjkl tj t? 7? i o; JanmnilD D 
+ 2 6 ^ij^nm^kl - ^ y 6 Hij£ kn Fi m + Zig V tt £f in 13j m 

-ig 2 e nm B ij F nm B i:j + toiaZ derivative + O (fl 2 ) } 
= / d 4 x -J— { 1 e« fc ' f — f 5— 

7 1 2 vi+^ 7fci 

+5 ' (ttt^ s ).. (r^M 5 ) J+ *°* aZ derivaUve +0 ( e2 ) Hie) 



The U(l) BFYM theory on noncommutative M 4 with noncommutative fields B, F 
written in terms of the ordinary fields as in (16) is equivalent to U (1) BFYM on 
commutative R 4 with antisymmetric field 1+ \ B g B and strength field 1+ *F6> ^ wnere 
the factor 1+ \ Fe results from the partial derivation on the fields B and F in (15). 
The solutions, 

p 'TTWe F ' 6= uhm B - (17 » 

follows also from the resolution of the differential equation (14) for constant fields 
B, F. 

For this case, (16) can be written as : 



S 



I 



A l £( 14 ft 14 F)+0 ( 8! )»- (18) 



We close this paper by saying that the existence of a Seibeg-Witten gauge-equivalent 
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map, relating noncommutative fields to commutative one for BFYM theory, means 
that noncommutative or ordinary BFYM may be seen as an effective theory which 
arises from the same field theory regularized with two different schemes. 
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